We theoretically investigate the enhancement of surface enhanced Raman spectroscopy (SERS) using hyperbolic stratified nanostructures and compare to metal nanoresonators. The photon Green function of each nanostructure within its environment is first obtained from a semi-analytical modal theory, which is used in a quantum optics formalism of the molecule-nanostructure interaction to model the SERS spectrum. An intuitive methodology is presented for calculating the single molecule enhancement factor (SMEF), which is also able to predict known experimental SERS enhancement factors of an example gold nano-dimer. We elucidate the important figures-of-merit of the enhancement and explore these for different designs. We find that the use of hyperbolic stratified materials can enhance the photonic local density of states (LDOS) by close to 2 times in comparison to pure metal nanostructures, when both designed to work at the same operating wavelengths. However, the increased LDOS is accompanied by higher electric field concentration within the lossy hyperbolic material, which leads to increased quenching that serves to reduce the overall detected SERS enhancement in the far field. For nanoresonators with resonant localized surface plasmon wavelengths in the near-infrared, the SMEF for the hyperbolic stratified nanostructure is approximately an order of magnitude lower than the pure metal counterpart. Conversely, we show that by detecting the Raman signal using a near-field probe, hyperbolic materials can provide an improvement in SERS enhancement compared to using pure metal nanostructures when the probe is sufficiently close (<50 nm) to the Raman active molecule at the plasmonic hotspot.
I. INTRODUCTION
Raman spectroscopy has emerged as one of the most commonly utilized techniques for chemical analysis [1] [2] [3] [4] [5] [6] [7] . However, spontaneous Raman scattering is exceedingly weak 8 , and a major challenge is how to separate the Raman scattered photons from the intense Rayleigh scattered pump photons. Indeed, Raman scattering crosssections are on the order of 10 −29 cm 2 , while the crosssections of typical fluorescence processes are on the order of 10 −19 cm 2 8 . A formidable technique to boost the signal of Raman scattered light is surface enhanced Raman spectroscopy (SERS), which typically makes use of metals to enhance local electromagnetic (EM) fields. Enhanced EM fields created at a hotspot increases the light-matter interaction of the molecule and the EM field, while simultaneously increasing the Raman scattering rate through the enhancement of the photonic local density of states (LDOS). The combination of field enhancement in both the excitation and the scattering processes helps to enhance the overall collected Raman signal. A commonly accepted approximation entails that the SERS enhancement factor scales with (|E loc |/|E 0 |) 4 8 , where E loc is the local electric-field at the hotspot and E 0 is the incident E-field in free space. Impressive SERS enhancement factors as high as 10 14 have been experimentally reported 8 , which was observed in composites of metal nanoparticles (MNPs) that include dimers and small aggregates formed by MNPs 9 , and fractal types of nanostructures 10 . The metal nanoparticles boost the electric-field by exploiting localized surface plasmon (LSP) resonances, that increase the LDOS and the effective excitation field strength. In the domain of singlemolecule SERS 11, 12 , the sensitivity requirements are especially high, and so there is an incentive to further increase the Raman enhancement factors achievable by hotspots generated in plasmonic nanostructures. Other significant challenges include the generation of reproducible and stable hotspots and the accurate placement of a single molecule within/near an EM hotspot 11, 12 , which can also be aided, e.g., by novel nanostructures that can produce higher Raman enhancement without only resorting to decreasing the gap sizes between MNPs to increase E-field intensities.
In recent years, anisotropic optical materials have been investigated extensively [13] [14] [15] , especially those described using a diagonalized tensor with elements ε x , ε y , and ε z in which at least one of the elements exhibits a negative real part (and is thus metallic). Under certain conditions, these metal-dielectric hybrid materials, at least in bulk form, exhibit hyperboloid iso-frequency k-space surfaces, and are also referred to as indefinite media, with a dispersion relation given by
where k is the wavevector, ω is the angular frequency, and c is the vacuum speed of light. Here, the axis of anisotropy corresponds to the z-axis. We refer to these general materials as hyperbolic materials (HMs). Equation (1) describes uniaxial HMs, which can be categorized into two types: Type I HMs, whose effective permittivity is characterized by ε x = ε y = ε ⊥ > 0 and ε z = ε < 0; and Type II HMs, whose effective permittivity is characterized by ε x = ε y = ε ⊥ < 0 and ε z = ε > 0. The dielectric tensor elements ε and ε ⊥ (parallel and perpendicular to the axis of anisotropy, respectively) are of opposite sign, corresponding to metallic or dielectric properties along different axes. The hyperboloid isofrequency surface enables access to very high values of k.
The result of the high momentum mismatch between HM and free space EM fields implies strong confinement of light in the vicinity of the structure 16 . In addition, a dipole emitter can couple to a large range of k-states at a given single frequency, which implies that the spontaneous emission (SE) rate of an embedded emitter is highly enhanced in their vicinity 17 . One route to realize HMs is through artificial media, where a collection of subwavelength sized elements of ordinary media can be organized to represent a single medium with hyperbolic dispersion properties 13, 14, 18 . For such artificial media, the unit cell size must be d < λ 0 /10 in order for the effective medium approximation, i.e., by Maxwell-Garnett theory, to be valid 19 . This is necessary to maintain the extent of the dispersion to high k-states, which in turn may lead to an ultra-high photonic LDOS (however, ultimately limited by material losses). There are also natural materials that display hyperbolic dispersion and are referred to as natural hyperbolic materials that have more recently been explored 20, 21 .
The enhanced LDOS of HMs may result in a large enhancement in the total SE rate of emitters located near the surface 22 , which can also exceed that obtainable near pure metal surfaces. Most studies of HMs for SE enhancement have focused on emission enhancement of dipoles located inside or near the surface of the bulk material [23] [24] [25] [26] [27] . Although the total SE decay rate is highly enhanced in the vicinity of HMs, the extraction of emitted light into free space is still a challenging problem due to optical quenching, and has many open questions [28] [29] [30] .
With regards to SERS, only a few special case studies have been investigated with artificial media 31, 32 . Gaponenko 31 summarized that the spontaneous Raman enhancement is attributed to the redistribution of the photonic LDOS over frequency, space, and directionality, being enhanced in specific regions of frequency, spatial location, and scattering direction. It was deduced that metal-dielectric based nanostructures would exhibit even higher relative variation of the LDOS, e.g., within a certain frequency range, compared to dielectric photonic crystals, and thus these artificial materials would exhibit higher spontaneous Raman enhancement. Zhang et al. 32 studied a hierarchical artificial material consisting of an array of 100 nm diameter nanoholes etched in gold that also consists of mesoscopic pores of 2 to 3 nm in size populating the entire bulk of the material, and fabricated and experimentally tested for its SERS enhancement properties. It was discovered that the achievable SERS enhancement can be superior to both the plain nanohole array and the mesoporous material without nanoholes, and the detection limit was below 1 × 10 −13 M. While both of these works brought forward the use of artificial media with subwavelength metal-dielectric components in bulk form for the application to enhanced Raman spectroscopy, to our knowledge the use of this class of artificial media-an example of which is a HM-to construct nanoparticles for SERS, has not been investigated in the literature. Such HM based nanostructures have been investigated recently using planar stacks 16 , nanorod array 33 , and concentric core-shell multilayers 34 . The cited main advantage of these nano "cavities" is that the effective mode volume can be decreased substantially. Furthermore, HM nano-cavities exhibit relatively low quality (Q) factors, and thus offer a larger bandwidth with which to exploit the enhanced light-matter interaction. Despite these initial works, there does not seem to be a consensus on a design strategy that profits from the advantages offered by utilizing HMs for SERS, and there does not seem to be any physical insight into whether such materials would outperform metal nanostructures or not.
Recently, the use of HM nanostructures as a platform to develop single-photon sources was studied by Axelrod et al. 30 , by investigating the achievable Purcell and single-photon β factors (quantum efficiency) using a quasinormal mode approach. It was shown that despite the higher SE enhancement and LDOS achievable with HM based nanostructures, the radiative efficiency is much worse when compared to pure metals, which is captured by the very low single-photon β-factors and is mainly due to increased absorption and thus higher quenching in HMs 30 . However, the scaling arguments and figures-of-merit for SERS are different than for a single photon source, i.e., the generated SERS is an intrinsically nonlinear phenomenon that requires an excitation field and the induced polarization exploits the total LDOS (as we will also show below, rather than just the radiative part). Thus it is highly desirable to have a theory and analysis of SERS enhancement for HMs, firstly to understand the important figures-of-merit, and secondly to see if such structures can possibly outperform MNPs, even though they exhibit higher quenching. Such investigations also need to be complemented by considering the full propagation effects of light (i.e., from the Raman active molecule to a detector, usually in the farfield) as well as details of the nonlinear interplay between the molecule vibrations and the optical resonances.
In this work, we present a detailed study on the use of LSP hotspots generated in HM nanostructures as a SERS platform. In Section II, the theoretical formalism of this work is described. We utilize the photon Green function to describe the optical reservoir properties of the nanoresonators (such as the LDOS), where the former is conveniently obtained using a semi-analytical quasinormal mode (QNM) theory [35] [36] [37] . We then use this modal Green function to model the SERS spectra of molecules using a recently developed quantum optics approach for a general medium 38 . Section III begins with a comparative study between our theoretical results and known experimental findings, which serves to emphasize the power of our formalism in accurately predicting SERS enhancement from first principles based on combining EM theory and quantum mechanics. Next, we investigate the SERS enhancement factors of several HM nanostructures and compare to their pure metal counterparts. A thorough account of the different contributing processes to the SERS enhancement is analysed and discussed. Although HM nanostructures can attain higher LDOS enhancements compared to their pure metal counterparts, the increased quenching leads to much lower SERS enhancement factors. Despite the fact that HMs cannot outperform traditional metal nanostructures for SERS when detected in the far-field, Section IV will describe how the use of HMs can be beneficial when the technique of near-field probing of the SERS signal is utilized. In Sec. V, we conclude with a summary and discussions of key findings and strategies for designing SERS devices that leverage the advantages offered by HMs while minimizing any negative effects. Finally, we present three Appendices that describe, respectively, the QNM Green function, the integration geometries used for the SERS calculations, and details of FDTD simulations and geometrical parameters of the various nanorod dimers that we investigate.
II. QUANTUM OPTICS AND GREEN FUNCTION FORMALISM TO MODEL THE SERS ENHANCEMENT
Theoretical studies of SERS have been implemented using various approaches [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] . On the one hand, some works describe SERS using semiclassical approaches (where the light is treated classically), and thus the complex interactions between molecule vibrations and the plasmonic field at the quantum level is not taken into account 42, 46 , and only very specific optical structures and field regimes can be modeled. On the other hand, certain aspects of SERS can be considered using firstprinciples quantum mechanical description of the Raman active molecule through Density Functional Theory (DFT). This approach can also predict the electronic structure and thus the Raman modes a priori, which in turn can directly determine the Raman spectrum including effects of the local environment near the plasmonic metal nanoparticle 40, 44 . However, DFT requires significant computational resources which may limit its applicability to real samples and the size of the problems tackled, as well as obscure the underlying physics of the SERS enhancement related to the optical modes and nonlinear field interactions. One of the most common limitations of the reports already published is that they largely do not delineate the contributions for enhancement of the excitation or scattering in the Raman scattering process. In this work, we employ a theoretical approach to calculate the SERS enhancement based on a quantum mechanical description of both the molecule vibrations and the plasmonic EM field 38 , which also allows us to consider realistic experimental configurations. Moreover, the technique is versatile and thus can be applied to different arbitrarily shaped metallic and HM plasmonic nanostructures, and provides an intuitive analytical understanding of the SERS process.
The general quantum optics theory to SERS is described elsewhere 38 , but here we just give the key results and concepts to be used in the present study. The theory uses an open system approach that allows one to derive analytical expressions for the detected Raman power spectral density (spectrum) of a molecule coupled to an arbitrary plasmonic nanostructure; moreover, the solution for both Stokes and anti-Stokes scattering contributions is given, which accounts for the spatial location of the detector and molecule with respect to the optical medium (e.g., the HM nanoresonator). In this formalism, both the molecule's vibrations and the EM fields are quantized, and their quantum mechanical interactions are taken into account. Furthermore, the full photon Green function is utilized in the theory, which rigorously captures the full frequency response of the plasmonic enhancement including quenching effects. As such, no modification to the theory is required for different nanostructures, but rather the task is to obtain a suitable Green function for a given system of interest.
A general definition of SERS enhancement factor for any configuration is extremely challenging if not impossible. However, a single molecule enhancement factor (SMEF) in a given SERS experiment can be defined as
where P SM SERS (ω st/as ) is the Raman scattered power [W] of a specific Raman mode (Stokes or anti-Stokes) of a given single molecule due to SERS enhancement in the vicinity of the plasmonic nanostructure, and P SM RS (ω st/as ) is the Raman scattered power of the same molecule in free space 49 . In an actual experiment, the Raman scattered light would be collected over a finite area corresponding to the size of the entrance pupil of the objective lens that is used to collect light into the Raman spectroscopy system, and thus only a portion of the total Raman power that is scattered at angles lying within the acceptance cone would be collected (Fig. 1a) . Furthermore, in a typical Raman setup, a spectrometer is used to carry out a frequency-dependent measurement in which the Raman scattered power is collected and separated into frequency bins, and thus the measured quantity would be the power spectral density [Ws] as a function of frequency. In order to obtain the scattered power of each Raman mode, the power spectral density must be integrated over the small range of frequencies over which the Raman scattering line covers. It is also important to note that P SM SERS depends on several factors such as the location and orientation of the molecule with respect to the nanostructure geometry of the SERS substrate, and the direction and polarization of the excitation light with respect to the SERS substrate. Our calculation of P SM SERS will be for the case yielding maximum detected Raman scattered signal; namely when the molecule is located at the central point of a particular hotspot generated near a metal nanostructure, and the orientation of the molecule is such that the direction of the dominant Raman tensor element is parallel to the direction of the dominant electric field at that point. A molecule position closer to the nanostructure surface, i.e., only a few nanometers away, may increase the total Raman scattering, but the increased quenching would reduce the detected Raman signal. Also, the polarization of the excitation light will be assumed parallel to the direction of the dominant Raman tensor element. Similarly, the Raman scattered power in free space P
SM RS
is maximized when the polarization of the excitation field is parallel to the direction of the dominant Raman tensor element, and this is the quantity used for the SERS enhancement calculations below.
The Raman scattering spectrum, scattered power of each Stokes/anti-Stokes resonance, and in turn the Raman enhancement of a molecule located in the vicinity of a plasmonic nanostructure can be calculated based on the formalism highlighted above. The first step in the theory is to obtain the photon Green function (or reservoir function) G(r, r ; ω) of the plasmonic nanostructure within its environment, which can be calculated based on the dominant resonant mode (or modes) that are determined here by a full-wave finite-difference time-domain (FDTD) method 50 . Subsequently, the classical Green function is used to obtain the Raman spectrum that is derived using a quantum optics approach. Below we explain in more details how these quantities are computed and used.
A. Classical Green function using QNM theory
The Green function G(r, r ; ω) is the solution to the classical Helmholtz equation with a point dipole source,
subjected to, in general, open boundary conditions, where the relative permeability µ(r, ω) = 1 as the materials considered here are non-magnetic. For a 3D metallic or HM nanostructure, different localized plasmonic modes can be excited at the corresponding resonant wavelengths that are determined by the permittivities and geometry of the structure, and the polarization of the excitation light. Typically, only one QNM (LSP resonance) contributes dominantly to the scattering behavior of the nanostructure, which can be used to achieve plasmonic mode enhancement of the SERS signal. These localized plasmonic resonances are formally quasinormal modes (QNMs) 36 , which are solutions to a nonHermitian Maxwell's equation subjected to open boundary conditions 51, 52 . These QNMs have complex eigenfrequenciesω µ = ω µ − iγ µ , where the imaginary part quantifies the energy loss through Q µ = ω µ /(2γ µ ). As shown elsewhere, the system Green function can be accurately represented through an expansion of these QNMs,f µ (r), using
where the QNMs are appropriately normalized. Using a single QNM expansion withf c , then one simply has
In this paper, we use the QNM normalization scheme 51, 52 
which, in addition to a volume integration similar to what one sees in normal mode theories, there is also a surface integration on the boundaries. To obtain the QNMs of the desired system, we employ Lumerical FDTD 50 and follow the QNM recipe given in Ref. 53 , being careful of how to perform the integration 54 . A comparison of the performance between our QNM theory and fully numerical solutions of Maxwell's equations is given in Appendix A. We note that although the QNM approach is not needed for the designs below, it helps to clarify the underlying physics in terms of the domonant LSP modes. Moreover, using such a modal approach, one can easily compute the SERS from molecules located at any spatial position, without having to do any additional point dipole simulations in Maxwell's equations.
B. Quantum optomechanical formalism of SERS
Given a known Raman tensor and its dominant element R nn oriented along the unit vector n, which is an intrinsic property of the Raman mode, and is directly related to the Raman cross-section, the Raman scattering spectrum can be calculated for a molecule of known orientation with respect to the SERS substrate geometry and the polarization of the excitation field. Consider a SERS experiment where a continuous-wave (CW) laser with electric field amplitude E 0 and frequency ω L , excites the molecule with an active oscillation mode at frequency ω m placed nearby the plasmonic nanostructure. The Raman scattering spectrum from a molecule at spatial location r m detected at a certain location r D is derived to be
where, in general, three different processes are involved. First, the prefactor A(ω L , E 0 ) quantifies the plasmonic enhancement of the induced Raman dipole through
, where η is the field enhancement factor at the molecule location r m due to the presence of the scattering geometry. The enhanced field is the effective excitation field seen by the molecule (self-consistent scattering solution) that can be calculated using the Green function of Eq. (4):
where the spatial integration runs over the finite-size scattering geometry (i.e., the metal) and ε B is the background medium dielectric function. Here, we also assume that E 0 (r) is constant for all spatial positions r, which is an accurate approximation since the diameter of the laser beam waist is typically much larger than the size of the plasmonic nanostructure. The second term in Eq. (7), S 0 (ω), represents the emitted spectral function for the Raman scattered photons that is calculated using quantum optical modeling of the molecule-field dynamics where the plasmonic system is treated as a photonic reservoir and the molecule is a quantized harmonic oscillator; physically, it describes the plasmonic enhancement of the intrinsic Raman scattering rate of a molecule, which is given by S 0 (ω) = S 
Here, γ m is the decay rate of the Raman vibrational mode, andn th = e ωm/k B T − 1 −1 is the thermal population of the Raman vibrational mode (at some temperature T ). The function J ph describes the plasmonicinduced Raman scattering rate beyond that achievable through thermal population, which depends on the projected LDOS through an effective bath spectral function,
and we have defined in Eqs. (9) and (10):
The third and final term in Eq. (7), |G(r D , r m ; ω) · n| 2 , includes the enhancement of the scattered field and the appropriate propagation effects from the molecule location to the detector, again using the Green function.
To come closer to actual experiments, finally we note that the SERS power at the detector is obtained by first integrating the SERS spectrum of Eq. (7) over the detector area, followed by an integration over the spectral range ∆ω that the Raman scattering line covers, so we define
where n = √ ε B is the refractive index of the medium.
The prefactors in Eq. (12) In order to obtain the single molecule enhancement factor defined in Eq. (2), we first consider the molecule scattering when in the vicinity of the plasmonic nanostructure, and then again in free space. Both of these scenarios can naturally be computed by the formalism discussed above, where the Green function of the plasmonic device and the free space Green function are used, respectively. The general Raman schemes we model are shown schematically in Fig. 1 , where two different integration geometries are considered. More details on the setup of the integration geometries for the calculations of both P SM SERS and P SM RS are given in Appendix B.
In what follows we shall explore the value and efficacy of this model by predicting the SERS enhancement of gold nanorod dimers, and then elucidating how these compare to SERS enhancement using HMs.
III. SERS ENHANCEMENT IN AU NANOROD DIMERS AND HYPERBOLIC MATERIAL DIMERS
A MNP such as a metallic nanorod with characteristic dimensions on the order of tens to hundreds of nanometers would exhibit a LSP resonance at a wavelength λ LSP within the visible to near-infrared wavelengths. A metal dimer is typically formed when two separate MNPs are placed close to each other with a separation gap of only tens of nanometers. The enhanced E-field in the gap of a dimer and thus increased LDOS near the surface of a MNP are both crucial for SERS enhancement. Here we explore the SERS enhancement of both pure gold (Au) and HM nanorod dimers, where the Type-II HM based on an alternating multilayer stack of Au and Si 3 N 4 is utilized. The wavelength-dependent complex refractive indices of Au and Si 3 N 4 are taken from Johnson and Christy 55 and Philipp 56 , respectively. It should be noted that we do not use an effective medium approximation in this work, but rather the true spatial dependence of the dielectric function is incorporated in all of our investigations below.
A. Prediction of known experimental SERS enhancement in metal nanoresonators
In this subsection, we examine the use of the approach described in Section II to predict the SERS performance in typical experimental configurations. The Au dimer structure in Ref. Table I . (b) The corresponding field amplitude |fc(r)| of the localized surface plasmon at the resonant λLSP at z-plane intersecting center of dimer gap, calculated and normalized using QNM theory.
sizes of 10 nm and 20 nm are investigated for comparison to the experimental results. In Ref. 57 , SERS measurements are carried out with a confocal Raman microscope, in which the Raman signal is collected by a 20× objective lens (NA = 0.4) and directed into a spectrometer with a CCD array. Prior to measurements, the sample containing Au dimers is immersed in a 3 mM solution of benzenethiol to form a self-assembled monolayer, and thus covering all sides of each Au dimer.
In order to determine the SERS enhancement factor (EF), reference measurements are made on a sample cell containing pure benzenethiol. The experimental SERS EF is determined from
where P SERS and P RS are the measured Raman signal powers of a specific Raman scattering line for the SERS substrate and reference sample, respectively. As in the calculation of P SM SERS in Eq. (12), each of P SERS and P RS is also computed by integrating the power spectral density (obtained from the measured Raman spectrum) over the range of frequencies that the Raman line of interest covers. The resulting Raman signal power is then processed by removing the background signal, and also normalized to the incident laser power and CCD integration time. The N SERS and N RS are the number of probed benzenethiol molecules in the excitation laser spot for the SERS substrate and reference sample, respectively. To determine N SERS , first the surface density of benzenethiol is assumed based on the chemistry of the selfassembly process, and then the surface area of each Au dimer including all top surfaces and sidewalls, as well as the number of Au dimers within the laser spot area are considered. Finally, N RS is obtained by considering the volume of the excitation laser spot within the reference sample cell containing benzenethiol and also the number density of molecules in the sample. More details of the experimental SERS EF calculation are given in the supporting information of Ref. 57 (ω m = 2.02 ×10 14 rad/s) are given in Table I for the Au nano-dimers with g = 10 nm and 20 nm. The corresponding values of λ L are thus 733 nm and 700 nm for the Au nano-dimers with g = 10 nm and 20 nm, respectively. The SMEF calculated theoretically and the experimental SERS EF for these example Au nano-dimer structures are also shown in Table I . As can be noted, the theoretical value of the SMEF is ∼23× higher compared to the experimental SERS EF, for both the Au nano-dimers with gaps of 10 nm and 20 nm. Given the inherent repeatability challenges associated with SERS measurement, the assumptions made in the calculations presented here about the optimal location of the Raman molecule, and the lack of any fitting parameters in the model, this difference is remarkably small when compared to what was reported previously in the literature. More remarkable is the versatility of this approach, which is obtained from first principles and involves selfconsistent calculations without resorting to any artificial fitting parameters. The apparent over-estimation of the theoretical SMEF compared to the experimental SERS EF is also expected, and is attributed to the fact that SMEF represents the SERS enhancement for a single molecule located at the ideal location, which is the center of the Au nano-dimer gap where the hotspot intensity is the highest, and thus it would be significantly higher than the average SERS enhancement experienced by the molecules that cover the surface of the nano-dimer, which is the quantity of the experimental EF. Furthermore, in the theoretical calculation of SMEF, the orientation of the molecule is assumed such that the dominant Raman tensor element is aligned parallel to the nano-dimer axis, which is also the dominant E-field polarization of the LSP resonance, thus resulting in maximized SERS enhancement (the theory value is thus an upper bound). However, in an actual experiment, the orientations of molecules near the surface of the nano-dimer are random, which means the measured SERS EF is an average of those obtained for different molecule orientations. What must be emphasized here is the capability of our technique for making direct and reliable comparison between different devices and designs. Note that the ratio between SERS enhancement factors of the two nanodimers shown in Table I is roughly the same both by using our theoretical investigation presented and from the experimental values reported in Ref. 57 , namely 2.7 and 2.67 for the former and latter cases, respectively. It is also important to point out that in most previous work on theoretical accounts of SERS enhancement, the calculated values are typically lower than the experimentally determined SERS EF by 1 to 2-orders of magnitude, which have been qualitatively attributed to chemical enhancement that has not been considered 42, [57] [58] [59] [60] [61] . The conventional approach to estimating the SERS enhancement is through the quantity (|E|/|E 0 |) 4 8 at λ LSP of the plasmonic resonance, which we have calculated to be 5.89 × 10 5 and 8.55 × 10 4 , taken at the center of the nano-dimer gap of 10 nm and 20 nm, respectively. It is seen that the (|E|/|E 0 |) 4 enhancement is approximately 1-order of magnitude lower than the experimental EF for both cases of the nano-dimer gaps of 10 nm and 20 nm. Although the magnitude of error using (|E|/|E 0 |) 4 rule in predicting the experimental EF is similar to that based on our approach, it must be emphasized that an under-estimation is problematic because it requires qualitative explanation using chemical enhancement. Clearly, the SERS enhancement calculated in this work-using a simple analytical quantum optics approach and EM theory-is sufficient to predict the experimentally determined enhancement without the need to invoke that chemical enhancement is also involved; this approach is different from conventional wisdom that is simply based on the assumed E-field enhancement.
B. Performance of hyperbolic materials for SERS
One of the central advantages of HMs reported in the literature is the enhanced LDOS that serves to improve, amongst other applications, the total SE rates of molecules that sit near the HM 17 . Previous work has mostly focused on investigating LDOS enhancement inside or near the surface of bulk HMs [23] [24] [25] [26] [27] , but here we rigorously study the effect for HM based nanostructures that exhibit the LSP resonance. As such, we will use our approach to study the SERS performance of HM nanorod dimers in order to delineate in detail whether HMs provide any advantages over regular MNPs with comparable geometries.
Based on QNM theory, the Green function of several HM nanorod dimers are obtained, from which the LDOS is calculated. The results are then compared to that of the reference pure-Au nanorod dimer structure. The HM is characterized by the volume fraction of metal within the material, or the metal filling fraction f m , which determines the anisotropic complex permittivity. When f m is decreased while maintaining the same overall nanorod dimer dimensions, the LSP wavelength λ LSP is red-shifted. To ensure a fair comparison of the LDOS between pure Au and HM nanorod dimers, additional pure Au dimers with increased lengths are designed to have λ LSP that correspond (or very close to) the resonant wavelengths of the HM nanorod dimers. A summary of the dimensions of the reference Au nanorod dimer and the HM nanorod dimer with f m = 0.5 is schematically shown in Fig. 3 . The details of the dimensions of individual Au and Si 3 N 4 layers within each HM nanorod, and the nanorod lengths of the different Au nanorod dimers with corresponding λ LSP are described in Appendix C. The potential strategies for fabricating these stratified HM nanorod dimers are also given in Appendix C. Note that while the nanostructures used for SERS in experiments typically sit on top of substrates for practical fabrication related reasons, the nanorod dimer structures we investigate in this work are in free space as this configuration does not affect the basic physics of the SERS enhancement, and it is computationally less intensive to simulate.
For each nanorod dimer, Lumerical FDTD is employed to perform a full-dipole simulation to determine the LSP wavelength λ LSP as well as its quality factor through Lorentzian fitting of the frequency response. The QNM is then obtained by performing another simulation in which a y-polarized plane wave excitation is incident in the zdirection, and using a 3-dimensional field monitor to capture the corresponding QNM. The QNM approach is verified against full dipole calculations by investigating the SE enhancement rate of a quantum emitter at the dimer gap center in each case, where good agreement (within a few percent) was achieved (see Appendix A), and the difference is attributed to numerical imperfections and possible contributions from higher order QNMs. Further details of the FDTD simulations setup are given in Appendix C.
Quite generally, for any structure, the Green function (obtained here using QNM theory) can be used to obtain the SE enhancement factor, F , for a dipole emitter located at r 0 , polarized along n, and placed in the background medium with refractive index of n B , through
This generalized Purcell factor (enhanced emission factor) is obtained by
where G 0 is the free space Green function. The Purcell factor when the dipole is oriented in the y-direction F y is plotted in Fig. 3e for all of the structures we study. Results for pure gold and HM dimers are plotted in solid and dashed lines, respectively, where different colors represent different metal filling fractions and sizes as explained in the figure caption. It is observed that the peak enhancement increases when the metal filling fraction of the HM dimer decreases, and also when increasing the length of the Au dimer, which both serve to red-shift the resonance Comparing the Au and HM nanorod dimers with λ LSP ≈ 1190 nm, the HM nanorod dimer with f m = 0.2 attains a peak F y that is almost 2 times that of the Au nanorod dimer with a nanorod length of 230 nm. As such, in terms of total LDOS enhancement, HMs are clearly superior to pure MNPs. The absolute LDOS for all of the Au and HM nanorod dimers investigated here are also presented in Appendix A. Referring to Fig. 3(b) , it can be seen that the direction perpendicular to the HM's axis of anisotropy is also parallel to the nanorod dimer axis that is the dominant direction of polarization for the LSP (y-direction). Decreasing f m of the HM actually increases the wavelength at which the permittivity in the direction perpendicular to the HM's axis of anisotropy ε ⊥ (corresponding to the direction of dominant LSP polarization) equals zero, also referred to as the epsilon-at-zero wavelength. The epsilon-at-zero wavelength is directly related to the surface plasmon (SP) wavelength, and thus it is also redshifted for decreasing f m . This is partially what contributes to the red-shift of the HM nanorod dimer LSP resonance peak as f m is decreased [ Fig. 3(e) ]. However, it must be noted that by decreasing the f m of the HM from 0.75 to 0.2, while the epsilon-at-zero wavelength for ε ⊥ red-shifts from ∼412 nm to ∼695 nm, the LSP resonance peak of the nanorod dimer red-shifts by a much larger extent from ∼699.7 nm to ∼1185.4 nm. As such, there is no simple relationship between the anisotropic permittivity of the HM as dictated by its f m and the LSP resonant wavelength of the HM based nanostructure, as other factors including the size and shape of the nanostructure together determine its optical properties.
As shown in Section II, the Raman scattering spectrum is intimately dependent on the total Green function of the photonic system under consideration. Indeed, the Green function comes into play in a much more complicated fashion in determining the SERS enhancement in comparison to the simply LDOS in the Purcell factor. One of the powerful attributes of the quantum optics approach we utilize here is that it can clearly separate the different contributions to the SERS enhancement. For example, the contribution by the enhancement of the excitation intensity is given by |η| 2 , where |η| represents the E-field enhancement factor. From studying Fig. 4a , it can be seen that for the Au nanorod dimers, |η| 2 increases linearly as a function of the resonant wavelength λ LSP , which is the same trend as for the Purcell factor. However, for the HM nanorod dimers, |η| 2 first increases as f m is decreased (i.e., an increase in λ LSP ), but then decreases again upon further reducing f m . The value of |η| 2 is maximized for the HM nanorod dimer with f m ≈ 0.5. This deviation in behavior compared to LDOS enhancement shows that additional physical effects are at play in the field enhancement process. It is also interesting to note that the field enhancement factor attained by utilizing HM nanorod dimers can be higher than with the Au nanorod dimer counterpart with identical λ LSP, only for a certain range of f m approximately from 0.45 to approaching 1 (pure Au). For very low f m HMs, the field enhancement is much worse than by simply using Au nanorod dimers.
While the LDOS increases by using HM resonators instead of pure metal (i.e., by decreasing f m ), absorption within the nanorod dimer simultaneously increases due to higher E-field amplitude within the lossy nanorods, which is shown in Fig. 4b for several HM nanorod dimers. This increase in quenching results in a decrease in the E-field enhancement as f m of the HM nanorod dimer reduces to below ≈ 0.5. From Fig. 4c , it is also seen that by increasing the length of the individual nanorods of the Au nanorod dimer, the E-field amplitude within the nanorods does not change appreciably and thus quenching remains approximately constant, which is why |η| 2 as shown in Fig. 4a for the Au nanorod dimers still increases monotonically as a function of λ LSP . One also sees that the E-field amplitude of the QNM inside the HM nanorod dimer gap region increases as f m decreases from 1 to 0.5, but then decreases slightly as f m decreases from 0.5 to 0.2. However, increasing the Au nanorod length from 95 nm to 230 nm to produce the same redshift in λ LSP increases the E-field amplitude in the gap region by more than 2 times. Therefore, unlike the LDOS enhancement, the E-field enhancement process is negatively affected by quenching due to material absorption within the nanorods.
Next, we investigate the SERS enhancement for different HM and Au nanorod dimers, and assess how quenching affects the SERS performance in each case. As defined in Section II, the SERS performance of the different nanorod dimers can be assessed through the SMEF, here defined for a molecule located in the center of the gap re- For our investigation, the excitation wavelength λ L is set to the LSP wavelength λ LSP ; e.g., using the Au nanorod dimer with nanorod length of 95 nm, λ L = λ LSP = 699.7 nm. The decay rate of the Raman modes γ m is taken to be 1.6 meV. The excitation wavelength affects not only the field enhancement factor |η|, but also determines the Stokes and anti-Stokes Raman scattered wavelengths, which would then dictate the overall SERS enhancement. The results shown here are based on the excitation intensity of 10 mW/µm 2 , which is representative of typical laser power levels used in Raman spectroscopy systems 63 .
The SMEF utilizing the Au nanorod dimer with nanorod length of 95 nm, for the example Raman modes (Stokes and anti-Stokes) as indicated by the respective scattered wavelengths λ st,as , is shown in Fig. 5a . The SMEF is higher for smaller Raman shifts (i.e., λ st,as closer to λ LSP ) and decreases significantly as the Raman shift increases. It can be seen that by moving the Raman shift of ν = 819 cm −1 to ν = 3000 cm −1 , the SMEF decreases by approximately an order of magnitude for both the Stokes and anti-Stokes lines. In order to better observe the trend of SMEF as a function of λ LSP of the nanorod dimer (either Au or HMs), we only present the results for the R6G Raman mode with ν = 819 cm −1 , as shown in Fig. 5b . As the length of the Au nanorod dimer is increased to red-shift λ LSP and thus the Raman scattered wavelength, the SMEF increases monotonically. In contrast, by decreasing f m of the HM nanorod dimer to red-shift the Raman scattered wavelength, the SMEF increases and then decreases again for lower f m , with the maximum SMEF attained when f m is ≈ 0.6. Interestingly, the SMEF obtained by utilizing a HM nanorod dimer cannot exceed that of the Au dimer counterpart with corresponding λ LSP for any f m values. While the employment of HMs can significantly increase the LDOS near nanostructures compared to pure metals such as Au (see Appendix A), the simultaneous rise in quenching proves detrimental to the process of SERS enhancement. As shown to be true also for the application to singlephoton sources in Ref. 30 , in which the β-factor (radiative quantum efficiency) decreases when HMs are utilized, it is presented here that SERS enhancement detected in the far-field of HM nanostructures is in general worse than by using the pure metal counterparts.
C. Delineating enhancement in excitation and scattering processes
Besides the comparison of the SERS enhancement achievable by HM and pure metal nanostructures, an-other advantage of the approach undertaken in this work is that it can delineate the enhancement processes for the excitation and scattered fields, and rigorously determine the contribution of each to the overall SERS enhancement. The contribution by the enhancement of the excitation field is captured by |η| 2 , which is shown in Fig. 4a for the different nanorod dimers at their respective resonant wavelengths λ LSP . As such, the contribution by the enhancement of the scattered field is defined here by the quantity SMEF/|η| 2 , which is shown in Fig. 5c along with values of |η| 2 and SMEF for different HM nanorod dimers at their respective resonant or scattered wavelengths in the same plot. It is observed that SMEF/|η| 2 (scattered field enhancement contribution to SERS) is in general over an order of magnitude higher than |η| 2 (excitation field enhancement contribution to SERS). This also elucidates why SERS enhancement as characterized by the SMEF is also over an order of magnitude higher than the conventional wisdom of the (|E|/|E 0 |) 4 enhancement, which is equivalently given by |η| 4 = (|η| 2 ) 2 . Note that this was also previously shown in Section IIIA, where the SERS enhancement using our approach is over an order of magnitude higher than simply E-field enhancement, with the experimental EF lying somewhere in between these theoretically estimated enhancement factors.
As described in Ref. 38 , the SERS enhancement is nonlinear with the pump field intensity, such that using a low pump on the order of 10's to 100's of mW/µm 2 , the wellknown (|E|/|E 0 |) 4 enhancement rule is obtained based on the derivation in Section II; but upon high intensity excitation on the order of 10 5 W/µm 2 , a much stronger (|E|/|E 0 |) 8 enhancement can be reached. The physical mechanism behind this nonlinearity is that an increase in the pump intensity increases the plasmonic-induced Raman scattering rate J ph [Eq. (11) ] beyond the intrinsic rate due to the thermal population contribution γ mn th . By comparing the value of J ph based on a set of excitation conditions, including the pump wavelength, the Raman shift and thus the Raman scattered wavelength, and intensity, to the value of γ mn th , it can be assessed whether the SERS device is operated in the linear or nonlinear regime. For example, consider the HM nanorod dimer with f m = 0.4 studied in this work; using a pump wavelength at λ LSP = 901 nm with an intensity of 10 mW/µm 2 , the value of J ph for the Stokes mode with ν = 819 cm −1 is ∼4 s −1 . Based on the excitation conditions used in this work, the value of J ph is approximately below 10 for all nanorod dimers studied. This is negligible in comparison to the value of γ mn th ≈ 2.5 × 10 12 s −1 , which means that our results correspond to operation in the linear regime. As such, in this work we have specifically shown that even in the limit of linear pump regime, the (|E|/|E 0 |) 4 SERS enhancement rule is strictly an approximation, but that the rigorously calculated SERS enhancement factor is in general significantly higher due to the higher contribution of the scattered field in comparison to the excitation field enhancement process.
IV. SERS IN THE NEAR-FIELD REGIME
In conventional Raman spectroscopy, the excitation of molecules and collection of Raman scattered light from the sample is performed through the use of an objective lens [ Fig. 1(a) ], which means that far-field light is captured. This is true even when a SERS substrate, either on a planar surface [64] [65] [66] or as plasmonic nanoparticles in solution [67] [68] [69] , is utilized to enhance the Raman scattered signal. This is the configuration for which the calculations of SERS enhancement thus far in this work has been applied to. The conclusion is that while the utilization of HMs in nanostructures can significantly increase the LDOS, quenching is also increased to the extent that the overall SERS enhancement in comparison to using pure metals is much reduced. However, there are also nearfield probing schemes for capturing optical signals. One such technique is near-field scanning optical microscopy (NSOM) 70 , i.e., in which the nanometer sized tip of an optical fiber is placed close enough to the sample surface that only the evanescent field is transmitted and reflected before it is allowed to propagate into the farfield, thus capturing information regarding the surface at resolutions below the diffraction limit. In the realm of Raman spectroscopy, a nanoscale sharp metal tip can also be used to probe close to the surface of a sample surface for enhanced Raman signal from surface molecules, which is known as the technique of tip-enhanced Raman spectroscopy (TERS) 71 . With TERS, the metal tip acts as a plasmonic nanostructure that concentrates incident light intensity to interact with surface molecules, and causes both excitation light and scattered Raman signal to be enhanced, just like in the case of SERS with plasmonic nanostructures embedded on the substrate instead. However, the scheme involves excitation and collected light that propagate in the far-field, and thus it is not able to capture Raman enhanced signal in the near-field.
In order to be able to combine the advantages of plasmonic enhancement and near-field collection of Raman signal, a new strategy must be developed. One idea would be to use a sharp optical fiber tip down to the nanometer scale to probe the near-field of plasmonic nanostructures on the surface of a substrate where the molecules under investigation are located. Another potential method is to fabricate a waveguide on the same substrate as the plasmonic nanostructure, with one end of the waveguide tapered to a sharp tip that sits very close to the hotspot of the plasmonic resonance, so that any scattered Raman signal can be collected in the nearfield and directly routed to other on-chip components such as a detector. An additional advantage of this configuration is that the optical fiber tip can be used to locally excite only a single or a few plasmonic nanostructures evanescently, and thus lead to further Raman enhancement compared to the conventional SERS setup where a diffraction-limited beam excites many hotspots simultaneously. We term this new proposed technique as "Near-field Probed Surface Enhanced Raman Spec- troscopy" (NFP-SERS), which is schematically shown in Figs. 6(b) and 6(c), for the cases of the use of an optical fiber tip and an integrated waveguide probe, respectively.
Here we show that the NFP-SERS can be modeled by the same approach we have described in this work without any additional complexity. Furthermore, it is discovered that HM based nanostructures can lead to higher SERS enhancement compared to using pure metals when the NFP-SERS configuration is implemented to capture Raman scattered light in the near-field. To investigate the Raman enhancement by NFP-SERS, all of the steps as previously described in Section II are followed, but the only difference is that the area over which the emitted Raman spectrum is integrated, would now be much smaller to represent the tip area of the optical fiber probe. As shown in Fig. 6a , the size of the integration area is chosen to be 20 nm × 20 nm, so that it can even fit inside the gap region of the nanorod dimer, to facilitate probing of the hotspot down to a location directly next to the molecule at the center of the dimer gap. The Raman scattered power detected by this defined probe area is then calculated as a function of the vertical height of the probe away from the molecule at the center of the dimer gap. In Fig. 7 Fig. 7a and 7b that the near-field detected SERS enhancement using HM can outperform the Au nanorod dimer counterpart when the optical fiber probe is less than 45 nm and 35 nm away from the molecule, respectively. This is despite the fact that when detected in the far-field, the HM nanorod dimer attains a lower SMEF compared to the counterpart Au nanorod dimer for each of these cases (λ LSP ≈ 770 nm and λ LSP ≈ 840 nm), as shown in Fig. 5(b) . For the case of the HM nanorod dimer with f m = 0.2 (λ LSP ≈ 1190 nm), the SMEF cannot exceed that of the counterpart Au nanorod dimer with similar λ LSP at any probe tip height away from the molecule, as deduced from Fig. 7(c) . When f m of the HM nanorod dimer is reduced to very low values, quenching is too strong such that the overall SERS enhancement even in the near-field is lower than for the pure metal implementation.
From Fig. 7 (a) and 7(b), it can be observed that the SERS enhancement when detected in the near-field of the HM nanorod dimer can exceed that of its pure metal counterpart. However, as the probe is moved away from the molecule at the center of the dimer gap where the plasmonic hotspot resides, the SMEF decays faster when HM is used compared to pure Au, and falls below that of when Au dimer is utilized for probe locations more than 50 nm away. This behavior is attributed to larger E-field enhancement but simultaneously higher quenching in HMs compared to in Au nanorod dimer; the enhancement is higher in the near-field for HMs, but propagation effects and quenching quickly reduce it to very low values after only a short distance. In Fig. 7(c) , it is seen that even in the near-field, the SMEF of the HM nanorod dimer (f m = 0.2) is much lower than its pure Au counterpart (nanorod length = 230 nm), because in this case the E-field enhancement |η| for the HM dimer is actually lower than that of the Au dimer, due to very high quenching that serves to significantly reduce even the E-field intensity. The square of E-field enhancement for different Au and HM nanorod dimers have previously been shown in Fig. 4a , but here we specifically highlight the E-field enhancement factors for the dimers studied using near-field probing in Table II . Although for NFP-SERS, HMs can outperform pure metal nanostructures for Raman signal enhancement, the level of enhancement shown thus far in this work is quite low (i.e., less than 2 times). Nonetheless, within the niche of near-field SERS, we have shown that it is possible to produce higher Raman enhancement factors through the introduction of HMs, and thus based on presently available nano-fabrication capabilities, it is quite feasible that the engineering of new device structures in this direction may prove useful to further improve SERS performance.
V. DISCUSSION AND CONCLUSIONS
We have explored the use of HM nanostructures to enhance SERS, and compared this to the performance of MNP resonators. Theoretically, we have used a firstprinciples framework based on Green functions and quantum optomechanical modeling of the interaction between a Raman active molecule and the nanoresonator, and it is used to calculate the SMEF, which has been shown to make predictions that are only ∼20 times higher (as a theoretical upper limit) than known experimentally determined SERS enhancement factors for some example gold nano-dimers, while predicting overall trends between different devices very well. Unlike previous work on theoretical calculations of SERS enhancement that typically under-estimates by 1 to 2-orders of magnitude, and thus attribute the discrepancy compared to experiment to chemical enhancement that has not been taken into account, here we can quantitatively determine the Raman enhancement based solely on the electromagnetic mechanism. The SMEF at the center of a representative Au nano-dimer with gap of 10 nm width can reach close to 10
8 . This work is partly motivated by the numerous studies in the literature reporting that hyperbolic materials exhibit much higher LDOS values compared to pure metals 17, 22 , but the implications of this effect for enhanced Raman scattering has largely been unexplored. Furthermore, there is also a pressing need to investigate new design strategies for improved SERS enhancement, with more reproducible and stable hotspots, which can notably benefit the efforts in developing single-molecule SERS 11, 12 .
We then investigated HM nanorod dimers constructed from a multilayer stack of Au and Si 3 N 4 with varying metal filling fractions f m , in conjunction with their counterpart pure Au nanorod dimers with coinciding resonant wavelengths λ LSP . The general conclusion is that for a given HM nanorod dimer with a certain λ LSP , the LDOS is significantly higher than its counterpart Au nanorod dimer. However, the concurrent increase in quenching leads to an overall lower SERS enhancement as detected. Moreover, as the f m is decreased, the SMEF first increases but eventually decreases again for lower f m , such that there is a maximum SMEF at a certain f m . For our choice of constituent materials Au and Si 3 N 4 , and nanorod dimer dimensions as shown in Fig. 3 , the SMEF is maximized for a f m between 0.5 and 0.75. Using HM nanorod dimers, the E-field intensity within the gap region where the molecule sits can be significantly increased as f m is reduced, but the simultaneous increase in E-field concentration inside the lossy dimer leads to higher absorption. Based on the theoretical approach in this work, the contribution to overall SERS enhancement can be clearly separated into the enhancement processes of the excitation and scattered fields. It is deduced that even in the linear pump regime by low excitation intensities, when the intrinsic Raman scattering rate is only due to thermal population of the molecule vibrational states, the contribution by scattered field enhancement is approximately an order of magnitude higher than that of the excitation (E-field) enhancement. This is a significant deviation from the well-known (|E|/|E 0 |) 4 rule typically used to estimate SERS enhancement.
It is recognized that the nonlocal EM response of metals should be considered when nanostructures are investigated. This has not been taken into account in this work, but here we elucidate the effects that nonlocal response would have on the main results. For MNPs with characteristic size <10 nm, the pressure driven convective flow of charges causes a significant blue-shift in the LSP resonance, while charge carrier diffusion leads to further line broadening in addition to that caused by ohmic loss (quenching) 72 . Specifically, the plasmonic modes that have induced positive and negative charges separated by a distance comparable to the length scale of the induced smearing of charge density away from the metal surface are affected by the nonlocal response 73 . Although the sizes of the Au nanorod dimers studied (e.g., smallest one has dimensions of 35 nm × 35 nm × 95 nm) as well as the gap size (20 nm) are sufficiently large that nonlocal effects are negligible, the individual metal layers within the HM nanorod dimers have thicknesses of <10 nm, and thus nonlocal effects would be significant. For bulk HM, the addition of nonlocal response has been shown to lead to a cutoff of the dispersion for large wavevectors, which results in a finite maximal enhancement of the LDOS, as opposed to the theoretical infinite LDOS in the case of lossless materials and that both the sizes of the unit cell and emitter approach zero 74 . For a single ultra-thin metal layer, as in those within the stratified HM dimers, the permittivity becomes anisotropic when nonlocal response is taken into account 75 . In the out-of-plane direction (direction along the thickness), the plasma frequency increases with decreasing thickness 75 , which is consistent with the trend that the blue-shift of the LSP resonance increases as the MNP size decreases 72 . In the direction along the plane of the ultra-thin metal film (in-plane), the plasma frequency decreases as the thickness of the layer decreases, which is the opposite trend compared to in the out-of-plane direction 75 . For each of the HM nanorod dimers investigated in this work, the dominant E-field of the LSP resonance is in the inplane direction of the individual metal and dielectric layers (Fig. 3) , which means that by considering nonlocal effects, the plasma frequency of the metal layers would be decreased, and thus the LSP resonance of the HM dimer would also be further red-shifted in comparison to the results presented in this work. By decreasing the thickness of the metal layer from bulk to <10 nm, the imaginary part of the relative permittivity that is associated with loss is also increased appreciably when nonlocal effects are considered 75 , both for the in-plane and out-of-plane directions. The combination of change in resonance wavelength, LDOS, and quenching of the HM nanorod dimer when nonlocal effects are included would modify the SMEF, but detailed calculations must be carried out in order to deduce the exact outcome. It should also be noted that, very recently, a QNM picture for the nonlocal regime of light confinement in small resonators has been introduced 76 , which extends the efficient performance of the semi-analytical techniques used in this work, to the regime of nonlocal behavior.
Although the general figures-of-merit are different, the overall conclusion that HMs are not as good at MNPs for SERS is in agreement with a recent study of using hyperbolic nanostructures for single photon emission enhancement, in which the quantum efficiency is shown to decrease in comparison to pure metal nanoresonators 30 . The same conclusion can be stated for bulk hyperbolic materials in which the extraction of light from emitters in its vicinity into free space becomes less efficient in comparison to pure metals 28, 29 . Although applications that require the detection of far-field light do not seem to benefit from the use of HMs, it has been shown that non-radiative dipole-dipole coupling, for example, can be much improved when HMs are implemented in comparison to pure metal plasmonic structures 77 . Förster energy transfer is a non-radiative near-field resonant dipoledipole interaction that is effective when the distance between donor and acceptor d is on the order of 10 nm, and the strength of the process falls as 1/d 6 78 . The use of a metal thin film that is placed between the donor and acceptor can increase the strength of the Förster energy transfer process and thus increase the distance over which it can occur to be on the order of the wavelength (i.e., 100's of nanometers), because the energy transfer is mediated by the excitation of surface plasmon polariton (SPP) modes of the thin metal film 78 . For smaller donoracceptor distances when SPP modes are not excited, then the rate of Förster energy transfer close to the surface of a metal film is highly dependent on the spatial locations and orientations of the molecules, and either enhancement or reduction of the energy transfer rate can occur, which is not simply due to the enhanced LDOS 79 . In Ref. 77 , it is theoretically shown that the Förster energy transfer between a donor-acceptor pair placed on each side of a HM slab mediated by SPP modes can actually be enhanced significantly compared to using a thin silver film of the same thickness. In this work, we show that by using a near-field probe to detect the Raman signal, an improvement is observed for the SERS enhancement by using hyperbolic stratified nanostructures, albeit only by a very small increase of less than 2 times. Nonetheless, it provides evidence for further work in this direction in the quest to increase SERS sensitivity, which is especially important for the burgeoning field of single-molecule Ra-man spectroscopy 11, 12 and other single-molecule detection techniques in general 80, 81 .
Despite the negative message for HMs in the application to improve SERS enhancement, it is shown that the undesirable quenching effects can be reduced if detection of the Raman signal is performed in the nearfield, such as by utilizing an optical fiber or an integrated waveguide tapered tip to probe in the vicinity of the plasmonic nanostructure where the molecule under investigation sits, which we term Near-field Probed SERS (NFP-SERS). It is observed that with near-field probing, the SERS enhancement for HM nanorod dimers can actually exceed their pure Au counterparts in some cases. For example, with the HM nanorod dimer with f m = 0.75, the SMEF detected in the near-field can surpass that obtained from its pure Au counterpart (nanorod length = 115 nm) when probed below 45 nm from the molecule at the center of the dimer gap, reaching close to a 2 times improvement. Another route to potentially achieve higher SERS enhancement is through hybrid plasmonic dielectric type nanoresonators 82 . Both of these strategies attempt to maintain high LDOS while circumventing the negative effect of quenching that limits the amount of detected scattered photons.
It must be recognized that although SERS is based on the scattering of photons, it is closely analogous to SE, in which there is both a non-radiative and a radiative part. As we have shown, only the Raman scattered photons that propagate to the detector are counted towards the SERS signal, whereas the remaining scattered photons are absorbed by the lossy metal or HM nanoresonator material. As such, one way to reduce quenching and thus improve Raman enhancement is to utilize lower loss plasmonic"metals" (negative permittivity materials); the search for novel low loss plasmonic materials is being pursued at a rapid rate [83] [84] [85] . With regards to HMs engineering, much work has already investigated in its bulk form how to improve the radiative efficiency of spontaneous emission into free space, such as with high index contrast gratings fabricated on the top surface 28 . To achieve high LDOS and high radiative efficiency simultaneously, hybrid plasmonic dielectric nanoresonators have also been recently investigated 82 , which has reported a Purcell factor of >5000 with quantum efficiency of >90% in the optical wavelengths inside a 2 nm gap between a dielectric nanoresonator and a metal substrate. This is in contrast to radiative efficiencies using pure metal nanoresonators that are typically <70% 30 . Achieving high SERS enhancement requires both large LDOS and high efficiency of scattered photons that reaches the far-field, and thus the hybrid approach by combining the advantages of metals and dielectrics to construct nanostructures may prove fruitful for this endeavour. It represents a promising route going forward to utilize hyperbolic materials to further improve SERS.
[ n m] and applied for the nanorod dimers investigated here. Although the requirement of ultra-thin films proposed in this work (i.e., down to 2 nm) would be problematic for electron-beam evaporation, as continuous metal films are required to be >6.5 nm thick 87 , below which the films become granular and form islands, epitaxial techniques can produce ultra-thin layers with atomically flat interfaces and may be further explored for the fabrication of stratified HMs [88] [89] [90] .
The Lumerical FDTD simulation domain size is 1.5 × 1.5 × 1.5 µm, and a conformal meshing scheme with a maximum mesh step size of 40 nm in all directions and a smaller refined mesh of 1 nm around the nanorod dimer is used. In each direction, 20 perfectly matching layers with symmetric (antisymmetric) boundary condition in the z (y) direction are employed. The time step of the simulation is 1.9066 as.
